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Automatic steering control in tractor
semi-trailer vehicles for low-speed
maneuverability enhancement

M Abroshan1, M Taiebat2, A Goodarzi3 and A Khajepour3

Abstract

In this paper, a controller for an automated steering articulated vehicle with the special capability to reduce off-tracking in

low-speed maneuvers is proposed. Conventional tractor–trailers have a large off-tracking in low-speed maneuvers. In the

proposed vehicle, all wheels of the tractor and trailer are steerable (all wheel steering). The controllers of the tractor

and trailer work independently, and each one consists of two layers. A fuzzy controller and a PID controller are designed

in the upper and lower layer, respectively, to control the actuators. The aim of the controller is to ensure that the end

points of both the tractor and the trailer exactly follow the path of tractor’s first point. To assess the performance of

proposed controller as well as steerability effect of all wheels in low speeds, the TruckSim simulation software is used.

The simulation results confirm that the proposed approach improves the maneuverability and accuracy of path tracking

not only compared to conventional vehicles but also to the conventional tractor–active trailer scheme, which was

previously proposed by a number of studies. Additionally, it reduces lateral tire forces to enhance the working life.
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Introduction

In recent years, a great amount of work has been
undertaken on vehicle automation. The purpose of
these studies is to enhance the transportation perform-
ance and safety.1–4 Since commercial vehicles have a
large share in transportation and transit systems, a
number of vehicle manufacturers have recently intro-
duced their self-steering articulated vehicles. This is an
important step toward the fully autonomous versions.
It is obvious that such vehicles should be maneuverable
in limited spaces and be accurate in tracking the path.
Hence, the investigations regarding the performance
enhancement of this class of vehicles are important
current topics in literature.

Large vehicles such as articulated tractor-trailers
and semi-trailers suffer from limited maneuverability
and path tracking.5,6 The large distance between the
tractor axels as well as the length of trailer creates
several issues. First, these large lengths cause a large
turning radius that makes the vehicle unmaneuverable
in tight spaces.

Also, the rear end of the tractor and trailer does
not follow the path passed by the front end of the
tractor. This phenomenon is called ‘off-tracking’. Off
tracking significantly reduces the vehicle path follow-
ing accuracy.7 These shortages make articulated

vehicles less attractive choices for urban freight
sector, specially, where the urban structures such as
intersections and roundabouts oblige a highly limited
space for turning.8,9

For a tractor as a single-unit-truck with long
wheelbase, the steerability of the rear wheels can
reduce the turning radius and increase maneuverabil-
ity. In order to decrease the turning radius in a curve,
the rear wheels should be steered in the opposite dir-
ection to the front wheels. To steer the rear wheels of
a conventional vehicle a hydraulic system can be
employed.10 Whereas, in electric vehicles, it is possible
to use two electric motors for each wheel individually
in order to provide independent traction and steering

Proc IMechE Part K:

J Multi-body Dynamics

2017, Vol. 231(1) 83–102

! IMechE 2016

Reprints and permissions:

sagepub.co.uk/journalsPermissions.nav

DOI: 10.1177/1464419316651375

journals.sagepub.com/home/pik

1Department of Automotive Engineering, Iran University of Science &

Technology, Tehran, Iran
2Department of Mechanical Engineering, University of British Columbia,

Vancouver, BC, Canada
3Mechanical and Mechatronics Engineering Department, University of

Waterloo, Waterloo, ON, Canada

Corresponding author:

A Goodarzi, Mechanical and Mechatronics Engineering Department,

University of Waterloo, 200 University Avenue, Waterloo, ON,

Canada, N2L 3G1.

Email: avesta.goodarzi@uwaterloo.ca

https://uk.sagepub.com/en-gb/journals-permissions
https://doi.org/10.1177/1464419316651375
journals.sagepub.com/home/pik
http://crossmark.crossref.org/dialog/?doi=10.1177%2F1464419316651375&domain=pdf&date_stamp=2016-06-14


angle.11 In these vehicles that all wheels are steerable,
using an appropriate steering strategy is essential.

For a semi-trailer, it usually consists of several
axles that normally are not steerable. In sharp man-
euvers, the unsteerable characteristic of trailer causes
large off-tracking and also creates large lateral forces
in the tires. This exacerbates tire wear and also dam-
ages the road surface.12 Hence, in order to make the
trailer steerable, several active and passive steering
algorithms have been proposed. Their low cost and
simple structure of passive systems caused them to be
widely used in conventional designs.13 They use
simple strategy such as ‘a fixed rear-to-front wheel
steer angle ratio’ and can reduce the turning radius
and the off-tracking increases simultaneously.10

Although these systems increase maneuverability
and reduce lateral forces at low speeds, they have
two unattractive consequences: amplification of
tail rotation in transient conditions and reduction of
vehicle stability at high speeds. In order to maintain
vehicle stability, some passive systems have a strategy
to lock the system at high speeds. It should be noted
that by increasing trailer steerability, tail rotation
would also increase.12,14–16

Because of the shortcomings of passive systems,
active control systems have been studied in different
researches. These pieces of research take advantage of
active control of trailer’s wheels steering angles by
different strategies in order to control stability, roll
over, and increasing maneuverability. Their outcomes
exhibit that active control of a trailer-wheels’ steering
has a major role in vehicle safety and stability.17–22

In 2011, Md. Manjurul Islam et al.17 developed a
kinematic method to design articulated vehicles with
steerable trailer wheels. In this method, design param-
eters are optimized for trade offs between increasing
maneuverability and path tracking performance in
low speeds and enhancing stability in high speeds.
The controller is a linear quadratic regulator, which
has two distinct control modes for high and low
speeds. However, this controller is not able to opti-
mize the vehicle’s operation in a wide range of speeds.

Odhams et al. developed an active control steering
strategy for trailers based on the methodology of
Nutsu.23 This was to be used both at low and high
speeds. In this strategy, entitled conventional tractor–
active trailer (CT-AT), the trailer is navigated in a
way that the rear end of it follows the fifth wheel’s
path. The goal of this controller is to follow the
desired path by minimizing tire lateral forces and
the determining the axle’s steer angle, accordingly.
In that study, the trailer’s axles’ steering angles are
determined based on a kinematic model of the trailer
and the difference between angle of the trailer’s rear
end and target path, all of which is regulated with a
PID controller. However, at high speeds, the steering
angle is determined using the PID controller based on
dynamic model of a pendulum. The performance of
this vehicle is assessed with a Roundabout test for low

speeds and a Lane Change test for high speeds.
Although the results show improvement in reduction
of off tacking and tire’s lateral forces in both high and
low speeds, due to the large wheelbase of tractor and
passing the rear end of trailer from fifth wheel’s path,
the offset from target path is still large. In assessing
the performance of their controller, the results
from the Roundabout test have shown that lateral
forces are drastically reduced. Additionally, tail rota-
tion is entirely eliminated. It also confirmed that the
controller was able to considerably moderate the max-
imum off-tracking from target path. These studies
claim that the unsteerability of the rear wheels of
the tractor leads to this residual off-tracking in articu-
lated vehicles, and by removing this constraint; it is
possible to further decrease off tracking.24,25 Oreh
et al.26 proposed a new desired articulation angle for
articulated vehicles ensuring the rear end of the trailer
tracks the path passed by fifth wheel. In this method,
position of rear end point of trailer is predicted by
kinematic equations and Taylor’s series then accord-
ing to the deviation, the proper articulation angle is
calculated.26

Inspired by rotating vehicles with independently
controllable steering and traction of each wheel27–29

in this study, the independent steerability along with
wide steering range for all wheels of tractor and trailer
is considered, in order to increase maneuverability
of the vehicle and minimize off-tracking. Moreover,
the traction of the rear wheels can be controlled inde-
pendently. Two independent controllers in two layers
control the steering angle of the tractor and trailer as
well as the traction of the tractor. Hence, the tractor
and trailer have minimum off-tracking in navigation
through sharp maneuvers.

In looking at controller design, since path following
and vehicle dynamic control are sophisticated issues,
classic controllers are not providing enough accuracy.1

These types of controllers require an explicit linear
mathematical model, but this problem has a nonlinear
nature.2,30,31 A fuzzy controller without a precise math-
ematical model can use human experience/knowledge,
which makes the system have human-like behavior.
Therefore, in order to determine the instant center of
rotation (ICR) in the tractor, a fuzzy controller is used
in the upper layer of the tractor control system.
A similar controller is also used to regulate the optimal
yaw rate in a semi-trailer. In the lower layer, a simple
and well-known PID controller is used to adjust angu-
lar speed in each wheel. The details of the method are
described thoroughly in following sections.

Concept and methodology

In previous studies, the concept of control points is
shown as an effective approach to study path tracking
problem for passenger cars.32,33 Considering the import-
ance of off-tracking in commercial articulated vehicles,
this method can be extended for those as well. As shown
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in Figure 1, three points are considered on the tractor
semi-trailer. These three points are named (A) Tractor
Front End Point, (B) Tractor Rear End Point and (C)
Trailer Rear End Point. In this method, instead of the
common method, which uses the lateral offset of vehi-
cle’s center of gravity and its heading angle compared to
the target path, the lateral offsets of control points on
longitudinal axis of vehicle are considered as the state
variables of the control system.32,34,35

During the maneuver, these three points have lat-
eral offsets with respect to the target path. Therefore,
the ultimate goal of the controller is to compensate for
them. Placing the point (A) on the target path is simi-
lar to the driver’s behavior in conventional vehicles,
which tries to maintain the vehicle nose on the path.
Furthermore, placing (B) and (C) on the path indi-
cates removing off-tracking in the tractor and trailer.

Commonly, the tractor’s wheels steer based on
Ackerman steering geometry. This geometry itself
is based on free-rolling of all wheels. As shown in
Figure 1, all wheels must turn around a common
point, which is named ICR. This geometry is effi-
ciently practical at low speeds.11,28,36,37

Obviously, by changing the ICR position in longi-
tudinal and lateral directions, the turning radius of
points A and B can be changed. This way, they will
be placed on the target path with minimum lateral
offset. Consequently, the goal of the upper layer con-
troller of the tractor is to determine the tractor’s ICR
with two components xICR and yICR in relation to the
geometric center of tractor.

In controller design, placing the first point on the
target path is a higher priority than the second point.
According to Figure 1, turning radius of point (A) can
be calculated by equation (1). Since longitudinal
coordinate and lateral coordinate of ICR vary in
range of [�1.85, 1.85] which is the track of the tractor

and [�1 þ1] (theoretically), respectively, it is clear
that y2ICR � xA � xICRð Þ

2 which means changing yICR
is more effective in turning radius than the other
component. In addition, changing direction of rota-
tion is only possible by changing direction of yICR.
Therefore, yICR is used to reduce the offset of point
(A) while xICR is used to reduce the offset of point B.
For example, as shown in Figure (1), the current pos-
ition of the tractor’s ICR has resulted in an increase in
the offset of point A. Thus, to reduce it, the lateral
coordinate of ICR must be transferred to the positive
side of y-axis.

RA ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xA � xICRð Þ

2
þ y2ICR

q
ð1Þ

The only degree of freedom between the tractor
and the trailer is the hinged movement around the
fifth wheel. Hence, to reduce trailer rear end point
offset, yaw rate should be controlled by applying the
appropriate steering angle. As shown in Figure 1, by
adding the appropriate yaw rate rST in the kinematic
equation, the rear end of the trailer can be navigated
to the target path. The trailer steering angles are
defined via ICR of trailer, which is separated from
the tractor.

In this study, determining the lateral offset of
three points is the first step in controller design. The
first point’s offset from the target path is measured
through sensors. Whereas, to determine rear end
point of trailer and tractor offset, the coordinates of
the target path are calculated from kinematic estima-
tors, and then, B and C’s offsets from the target path
are determined from comparing current values and
desired values. These estimators and the procedure
of off-tracking derivation have been expanded upon
in the Appendix 1.

Figure 1. Parameter definition for the vehicle.
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The assumption of using sensors data for the
first point is valid and practical with the development
of image processing technology and visual systems.
Many studies has been carried out on path recogni-
tion and determining the required information
from an image. This system, which is widely develop-
ing in automated and semi-automated vehicles, is used
to instantly extract information such as lateral and
angular offsets of vehicle compared to its target
path.1,30,38,39

Now by having the lateral offset of these three, the
controller design can be incorporated.

Controller design

Figure 2 illustrates the system’s block diagram for the
controller design. This hierarchical controller consists
of upper and lower layers. In the lower layer, a PID
controller is used to adjust the required torque for
each wheel. Using the angular speed error of each
wheel, the PID determines the optimal voltage
across the electric motor. A fuzzy controller in the
upper layer is designed independently for the trailer
and the tractor with two different strategies.

In the tractor’s upper layer, a fuzzy controller
reduces offsets of points A and B by determining the
ICR in each instant. The trailer’s fuzzy controller
reduces offset of point C by determining instant
proper yaw rate. In all designed fuzzy controllers,
Mamdani reasoning method and centroid method in
de-fuzzification are used. Furthermore, triangular and
trapezoidal functions are used as the membership
functions. These simple linear membership functions

reduce the computational burden, which are easy to
tune. The linguistic terms of the membership func-
tions are presented in Table 1.

Tractor’s upper layer controller

The ICR is composed of two components longitudinal
(xICR) and lateral (yICR) coordinates in relation to the
geometric centre. Changing yICR in one side causes a
change in turning radius of points (A) and (B). A shift
from positive side to negative side or vice versa causes
a change in steering angle direction. Additionally, a
change in xICR changes the turning radius of the first
and end points in relation to each other. It is the same
as determining a varying coefficient for the rear wheel
steering angle in relation to the front wheel steering
angle. It should be noted that the determination of
xICR and yICR in one fuzzy controller increases the
number of fuzzy rules that substantially increases
computing time. That is the reason for using the hier-
archical method.40

When tractor moves in a straight line, yICR
approaches infinity to show zero steering angle.
During the maneuver, depending on the severity, yICR
must get close to the vehicle, Hence, yICR has to move
in a wide range. In addition, according to Figure 1 (in
the context) and the equation (2), yICR and the steering
angle have a tangent relationship. Therefore, it is hard
to consider yICR as the input of the fuzzy controller. As
a result, another quantity named the virtual lateral
coordinate of ICR VyICR is used. This quantity has a
linear relationship with the steer angle, and by using
equations (2) to (4) changes to yICR.

yICR ¼
xA � xICR
tan �A

þ yA ð2Þ

VyICR ¼
TT

2�max
� ð3Þ

yICR ¼
LT

2tanð2�maxVyICR
TT
Þ
þ
TT

2

VyICR

VyICR
�� �� ð4Þ

In Figure 3(a), the diagram of the fuzzy controller
for the point (A) is shown. In this controller, the lat-
eral offset of the first point �YA, the variation rate of
this offset � _YA

_

, and VyICR are fed back as the input.
�VyICR is also used as an output.

In addition to the lateral offset of the first point,
the controller should be aware of getting farther or

Figure 2. Block diagram of the proposed controller.

Table 1. Lingustic terms definition.

NB Negative big PB Positive big

NM Negative medium PM Positive medium

NS Negative small PS Positive small

NVS Negative very small PVS Positive very small

Z Zero
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closer to the target path. � _YA is a quantity that can
provide this information to the controller.

In designing the controller, creating smooth steer-
ing angles with minimum fluctuation should be con-
sidered, which is achievable by applying gradual
output. Because of this reason, �VyICR is used as
the controller’s output. In the case of using the lateral
coordinate variation as an output, the controller
should instantly be aware of previous location of
VyICR, so a feedback is needed.

Membership functions for the inputs and outputs
of first point controller are shown in Figure 4. VyICR
is divided into three membership functions, {N, Z, P}.
When VyICR is in zone Z, yICR is at infinity and the
tractor is moving in a straight line, and when it moves
toward the negative (positive) zone, yICR moves from
infinity to the right (left) side of tractor. The steering
angle also increases and the tractor is moving on a
curved path.

�YA is divided into five membership functions
{NB, N, Z, P, PB}. When �YA is located in zone Z,
the first point is on the target path, and when it is on
the right (left) side, it will be negative (positive). � _YA

is divided into three membership functions. When this

input is in zone Z, the first point is moving parallel to
the target path. According to Figure 5, if �YA is nega-
tive (positive), locating � _YA in a negative zone means
getting away (approaching to) from the target path.
The controller output �VyICR is divided into nine
membership functions, {NB, NM, NS, NVS, Z,
PVS, PS, PM, PB}, and each of their uses depends
on fuzzy rules.

To extract fuzzy rules after determining controller
input, if � _YA and � _YA are located in zone Z, �VyICR
is considered zero. Otherwise, depending on the situ-
ation, an appropriate quantity will be considered.

Figure 4. Membership functions for the controller (A).

Figure 3. Fuzzy logic controllers.

Figure 5. Relationship between a deviation and its derivative

according to the target path.
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In case of having a positive lateral offset of the first
point (�YA ¼ P), the decision process will be as
following:

. If the lateral offset is increasing (� _YA ¼ P), then
yICR will be quickly transferred to the negative side
(�VyICR ¼ NBÞ.

. If the first point is moving parallel to the path
(� _YA ¼ Z), a minor change in yICR to the negative
side offset will be reduced (�VyICR ¼ NS).

. If the first point is approaching to the path
(� _YA ¼ N), there is no need to change yICR ,
which means that (�VyICR ¼ Z).

By adding the input yICR, the above rules will be
changed. By approaching yICR to the tractor, its rate
reduces. In the case of yICR moving from one side to
the other side of axis, the rate increases. The fuzzy
rules are represented in Table 2. To increase controller
speed in sharp maneuvers, the weight of �YA in the
decision process has increased by using the last row of
fuzzy rules in Table 2.

As shown in Figure 3(b), in the controller design of
the point (B), which is the same as the point (A), lat-
eral offset �YB, lateral offset rate � _YB

_

, and longitu-
dinal coordinate xICR as feedback are used.

Using the same reasoning for the point (A) control-
ler, �xICR is used as an output. When yICR is at infinity
(VyICR in zero zone), a change in xICR does not have a
significant influence on steering angle. Whereas, by
approaching yICR to the vehicle, more severe steering
angles are created. Therefore, to prevent a severe steer-
ing angle while yICR approaches to the vehicle, the
amount of fuzzy output controller must be reduced.
Due to this problem, VyICR is selected as another input.

In Figure 6, all controller inputs consist of three
membership functions, {N, Z, P}. �xICR as the con-
troller output is divided into nine membership func-
tions {NB, NM, NS, NVS, Z, PVS, PS, PM, PB}.

The procedure of extracting fuzzy rules for the
point (B) is similar to that at point (A), but the dif-
ference is that changing longitudinal coordinate of
ICR will not always reduce the offset, and in some

cases, it can only prevent increasing it. Fuzzy rules
of the point (B) are represented in Table 3.

When yICR is at infinity (VyICR in zone Z), a xICR
variation in xICR does not change the steering angle.
Hence, in fuzzy rules, only two membership functions
VyICR have been studied.

Determining steering angle and angular
speed of each tractor’s wheel

To determining the steering angle of the tractor in the
first step, the ICR should be calculated by using equa-
tions (5) and (6).

xICR iþ 1ð Þ ¼ xICR ið Þ þ�xICR ð5Þ

VyICR iþ 1ð Þ ¼ VyICR ið Þ þ�VyICR ð6Þ

In the second step, by using equation (4), VyICR
converts to yICR.

Finally, in the third step, based on geometrical
equations, the steering angle and turning radii of
each wheel can be calculated by substituting the coord-
inates of each wheel in relation to the geometric center
in equations (7) and (8), as shown in Figure 7(a).

�ij ¼ tan�1�
xij � xICR
yij � yICR

ð7Þ

Rij ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xij � xICR
� �2

þ yij � yICR
� �2q

ð8Þ

i: Front (F), Rear (R)
j: Left (L), Right (R)
Using equation (8), the desired angular speed of a

wheel is calculated by substituting turning radii of
each wheel in equation (9).

!refij ¼
rTRij

Ra
ð9Þ

In the above equation, Ra is the effective radius of
each tire, and !ref is the desired angular speed of each
wheel.

Table 2. Rules for the controller (A).

VyICR �YA � _YA �VyICR VyICR �YA � _YA �VyICR VyICR �YA � _YA �VyICR

N NS N PM Z NS N PB P NS N PS

N NS Z PVS Z NS Z PS P NS Z Z

N NS P Z Z NS P Z P NS P NS

N Z N PVS Z Z N PS P Z N PVS

N Z Z Z Z Z Z Z P Z Z Z

N Z P NS Z Z P NS P Z P NVS

N PS N PS Z PS N Z P PS N Z

N PS Z Z Z PS Z NS P PS Z NVS

N PS P NS Z PS P NB P PS P NM

– NB – NB – PB – PB
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Figure 6. Membership functions for the controller (B).

Table 3. Rules for the controller (B).

VyICR xICR �YB � _YB �xICR VyICR xICR �YB � _YB �xICR VyICR xICR �YB � _YB �xICR

N N N N PM N Z N N PS N P N N PVS

N N N Z PS N Z N Z Z N P N Z Z

N N N P PVS N Z N P NS N P N P NVS

N N Z N PB N Z Z N PVS N P Z N Z

N N Z Z PVS N Z Z Z NVS N P Z Z Z

N N Z P NVS N Z Z P NB N P Z P Z

N N P N NVS N Z P N NVS N P P N NVS

N N P Z NVS N Z P Z NVS N P P Z NM

N N P P NS N Z P P NS N P P P NB

P N N N NS P Z N N NVS P P N N NS

P N N Z Z P Z N Z NVS P P N Z NM

P N N P PS P Z N P NS P P N P NB

P N Z N NS P Z Z N Z P P Z N Z

P N Z Z PVS P Z Z Z Z P P Z Z Z

P N Z P PB P Z Z P PVS P P Z P Z

P N P N PVS P Z P N PVS P P P N NM

P N P Z PM P Z P Z PVS P P P Z NVS

P N P P PB P Z P P PS P P P P PVS
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Trailer’s upper layer controller

The purpose of the fuzzy controller for the trailer is
in determining the yaw rate of the trailer in a way that
during the maneuver, the rear end point of the con-
troller can be located on the target path and it can be
followed thoroughly. This yaw rate has been applied
in trailer kinematic equations, and based on that, the
steering angle of each wheel is calculable.

The fuzzy controller’s inputs are a lateral offset of
rear end points in relation to the target path (�YC),
the angular difference of the tangent line on a
target path at the endpoint (��), and the trailer’s

yaw rate feedback (rST). To prevent sharp steering
angle in trailer, deviations of yaw rate are used as
the output. Figure 3(c) demonstrates the controller
diagram.

In Figure 8, �YC and rST consist of three member-
ship functions, {N, Z, P}, and �� is consist of five
membership functions, {NB, N, Z, P, PB}. In this
controller, receding or approaching the endpoint of
the target path is determined by ��. The controller
output, �rST, is divided into nine membership func-
tions, {NB, NM, NS, NVS, Z, PVS, PS, NM, PB}.

If �YC and �� are located in zone Z simultan-
eously, then �rST is equal to zero. If �YC is positive,

Figure 8. Membership functions for the controller (C).

Figure 7. Steering angle calculation.
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the decision process will be as follows:

. If the endpoint is getting away from target path
(�� ¼ P), �rST must increase in the positive dir-
ection (�rST ¼ PB).

. If the endpoint is moving in parallel to the target
path (�� ¼ Z), a slight increasing of �rST in the
positive direction will result in reduction of lateral
offset (�rST ¼ PS).

. If the endpoint is approaching to the target
path (�� ¼ N), there is no need to change rST
(�rST ¼ Z).

Adding rST to the above fuzzy rules will change the
amount of output. If the desired yaw rate and current
speed were in the same direction, the controller’s
output reduces and vice versa. The fuzzy rules are
in Table 4.

Determining steering angle of trailer’s wheels

After determining rST in each instant by equation (10),
this speed is applied to the kinematic equation of the
trailer, which is derived based on Figure 7(b). Then, by
applying each wheel coordinate in equations (11) to
(14), the steering angle of each wheel is calculated.

rST iþ 1ð Þ ¼ rST ið Þ þ�rST ð10Þ

vklð Þx¼ vFW cos �FW � ;Artð Þ �
TSTrST

2
ð11Þ

vklð Þy¼ vFW sin �FW � ;Artð Þ � LklrST ð12Þ

vkl ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
vklð Þ

2
xþ vklð Þ

2
y

q
ð13Þ

�kl ¼ tan�1
vklð Þy

vklð Þx
ð14Þ

k: axle number ¼ 3, 4, 5.
l: left (L), right (R)

The steering angle rate depends on speed v, which
leads to a change in the fuzzy controller’s output. If v
increases, the output value must reduce to prevent
quick controller response, which causes instability.
Because of this reason, appropriate gains Kv for
fuzzy controller outputs is determined by trial and
error method, which is linear to the speed in the
range of 1 and 10 kmh�1.

Lower layer controller

As previously noted and represented in Figure 9(a), in
the lower layer, the PID controller is used to adjust
traction and apply the required torque in each wheel.
The PID controller adjusts the voltage of the DC
motor based on the difference between the current
angular speed as feedback and the target speed,
which is calculated by equation (9). By adjusting the
voltage, the required torque will be applied on each
wheel in order to reach the appropriate value of each
wheel’s rotational speed.

By defining quantities in Figure 9(b), equations
(15) to (20) express mechanical and electrical equa-
tions of wheel and motor. Finally, these equations
are converted to two differential equations (21) and
(22). By modeling, these two equations in MATLAB/
Simulink software and applying PID controller using
trial and error, controller coefficients are determined.

Jeq ¼ JW þ �
2
gJM ð15Þ

!M tð Þ ¼ �g!WðtÞ ð16Þ

Tt tð Þ ¼ �gTM ð17Þ

TM tð Þ ¼ KTIðtÞ ð18Þ

Jeq _!W tð Þ ¼ Tt � �gB!WðtÞ � TL ð19Þ

E tð Þ ¼ RI tð Þ þ L
dIðtÞ

dt
þ KB!MðtÞ ð20Þ

Table 4. Rules for the controller (C).

rT �YC �� �rT rT �YC �� �rT rT �YC �� �rT

N NS N NM Z NS N NS P NS N NS

N NS Z NVS Z NS Z NVS P NS Z NVS

N NS P Z Z NS P Z P NS P Z

N Z N NVS Z Z N NS P Z N NS

N Z Z Z Z Z Z Z P Z Z Z

N Z P PS Z Z P PS P Z P PVS

N PS N Z Z PS N Z P PS N Z

N PS Z PVS Z PS Z PVS P PS Z PVS

N PS P PS Z PS P PS P PS P PM

– – NB NB – – PB PB
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In the above equations, Jeq is equivalent inertia, JW
is wheel inertia, JM is motor inertia, �g is gear ratio to
increase torque, !M is angular speed of motor, !W is
angular speed of wheel, Tt is torque on each wheel, TM

is applied torque from motor, TL is opposing torque, E
is potential difference from motor, R is internal resist-
ance of motor, I is current flow, and KB is Back-EMF
constant, B is motor viscous friction constant.

dI

dt
¼

1

L
E� �gKB!W � RI
� �

ð21Þ

d!W

dt
¼

1

Jeq
�gKTI� �gB!W � TL

� �
ð22Þ

Tire model

For the simulation procedure, the internal tire model of
TruckSim software package has been used.41 The internal
tire models use the tables of shear forces and moments
measured in the tests. These forces and moments are
defined at the ground, then transmitted and applied at
the wheel centre, in order to be used in multi-body
dynamic model equations in TruckSim. Like most tire
models, the tire forces and moments are calculated based
on the following kinematical variables: slip angle a, lon-
gitudinal slip ratio k, and vertical load FZ. However, in
the internal tire model, these variables are used as inputs
for look-up tables instead of equations to obtain the
forces and moments. The aforementioned kinematic vari-
ables are defined as follows:

Longitudinal slip (k) is defined as

k ¼
!

!0
� 1 ð23Þ

where ! is the angular speed of the wheel, and !0 is
the zero-slip angular speed of the wheel

!0 ¼
VX

RRE
� 1 ð24Þ

where RRE is the effective rolling radius.

The slip angle (�) for each tire is defined by

� ¼ tan�1
VY

VX

� �
ð25Þ

where VX and VY are velocity components of wheel
center in the ground plane.

In pure longitudinal and lateral slip FX, FY, and
MZ are calculated based on 2D curves shown in
Figure 10 as functions of two independent variables
� and k. These tables were drawn for several vertical
loads, and the linear interpolation/extrapolation is
used for other vertical loads. Therefore, FX, FY, and
MZ can be defined as

FX ¼ FX FZ, kð Þ For � ¼ 0f g

FY ¼ FY FZ,�ð Þ For k ¼ 0f g

MY ¼MY FZ,�ð Þ For k ¼ 0f g

ð26Þ

For combined situations, using the Pacejka and
Sharp’s method, the longitudinal and lateral slips
are combined to get the total theoretical slip.42

�total ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�Xð Þ

2
þ �Yð Þ

2

q
ð27Þ

where

�X ¼ �
k

kþ 1
, �Y ¼

tanð�Þ

kþ 1
ð28Þ

The theoretical slips are then normalized by
peak slip values, �Xmax and �Ymax. Peak slip values
are those that cause peak FX and FY. The total nor-
malized slip is

��total ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
��Xð Þ

2
þ ��Yð Þ

2
q

ð29Þ

Figure 9. (a) Lower layer controller (b) Scheme of torque transmission.
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where

��X ¼
�X
�Xmax

, ��Y ¼
�Y
�Ymax

ð30Þ

The equivalent longitudinal and lateral slips are
calculated from the normalized total theoretical slip

�k ¼
��total:�Xmax:sign �Xð Þ

1þ ��total:�Xmax:sign �Xð Þ
,

�� ¼ tan�1ð ��total:�Ymax:signð�YÞÞ

ð31Þ

Using the equivalent longitudinal and lateral slips,
the so-called ‘‘base-curves’’ are obtained by means of
linear interpolation of the tabular data. Based on the
Pacejka and Sharp’s method, the normalized slip
values are modified to include the friction ratio since
the friction coefficient of measurements is different
from the friction coefficient of the simulation.

FX0 ¼ FX FZ,
�0

�
�k

� �
, FY0 ¼ FY FZ,

�0

�
��

� �
ð32Þ

The base-curves are then modified in order to
account for the anisotropic properties of the tire-
road friction.

�FX0 ¼ FX0 � " FX0 � FY0ð Þ
��Y

��total

� �2

,

�FY0 ¼ FY0 � "ðFY0 � FX0Þ
��X

��total

� �2
ð33Þ

where " ¼ ��total for ��total 5 1 and " ¼ 1 for ��total 4 1.
The moment and forces are finally calculated by

FX ¼ �FX0
�

�0

�X
�total

FY ¼ �FY0
�

�0

�Y
�total

MZ ¼
MZ FZ, ��ð Þ

FY0
FYj j

ð34Þ

Various methods have been proposed to analyze
the transient behavior of tire, due to its deformable
structure.43,44 The tire model used in this manuscript
is based on a concept known as relaxation length,
described by Bernard and Clover.45

Results and discussion

In order to evaluate the tractor and trailer’s wheels’
steering performance as well as controller

Figure 10. Shear forces and moments measured in tests – (a) Longitudinal force (b) Lateral force (c) Aligning moment.
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performance, a computer simulation has been carried
out. For this simulation, the controller has been
implemented in MATLAB/Simulink software.46 For
the vehicle dynamic model and active behavior ana-
lysis, TruckSim software has been used.41

In order to show the effectiveness of the suggested
controller in reducing off-tracking of point B and C,
the behavior of automatic steering tractor semi-
trailers is compared back to back with

1. A conventional tractor and semi-trailer.
2. A conventional tractor semi-trailer with the con-

trol structure represented in reference.25

Here, the former is named conventional, the latter is
named CT-AT, and the studied vehicle is named
AWS. It is noted that only the performance of path
tracking in these vehicles has been evaluated. The

performances have been compared in roundabout
and sharp 90 degree tests. The former is the standard
test in low speed and the latter is not standard but an
extreme maneuver, which is considered to be a chal-
lenge for the conventional vehicles. The aim of com-
paring CT-AT and AWS is to analyze the effect of
steerability on off-tracking rather than the proposed
algorithm itself. It should be noted that through the
maneuvers covered by CT-AT, the conventional steer-
ing angle is adjusted in a way that the first point of the
tractor will be located on the target path; whereas,
AWS determines steering angles automatically, only
by using offset of first and second points of tractor.

Features of the simulated vehicle are represented in
Table 5.

Roundabout test

In this standard maneuver, the vehicle covers a straight
line with a constant speed 10 kmh�1, and then, it enters
the round section and after 450� turning, it comes out
on the straight line. The front end point in this maneu-
ver moves on a circle with radius of 11.25m. The target
path of front endpoint of tractor is shownonFigure 11.
This figure also shows the AWS vehicle thorough the
maneuver in shaded shape.

According to Figure 12(a), the front end point has
passed the target path well. Additionally, the control-
ler has been able to reduce the rear end point offset
considerably. As shown in this figure, the front end
point and rear endpoint offsets happened during a
quick change of steering angles when vehicle enters
and exits the round path, which proves that controller
has been able to control the vehicle on the target path.

Figure 11. Roundabout maneuver path.

Table 5. Vehicle specificatios.

Tractor 2A Trailer 3A

Wheelbase 3.7 (m) Wheelbase 7.7 (m)

Front overhange 1 (m) Tandem axle

spread

1.3 (m)

Rear overhange 0.5 (m) Rear overhange 3 (m)

Track 2.03 (m) Track 1.82 (m)

Tire Internal

model

Tire Internal

model (kg)

Load on axle 1 6000 (kg) Load on axle 1 7500

Load on axle 2 10,000 (kg) Load on axle 2 8000

Hitch dist.back 3.1 (m) Load on axle 3 8500
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For CT-AT, the steering angle of the tractor is defined
in a way that the front end of the tractor exactly
passes the desired path. Therefore, it has not been
compared in simulation results. In Figure 12(b),
although third point offset reduced considerably by
CT-AT vehicle, the control system in the AWS vehicle
has been able to almost eliminate it.

Generated lateral forces in the tires of tractor and
trailer wheels, which are representative of sideslip
angles, have been compared for all three mentioned
vehicles in Figure 12(e) to (g). As shown, the CT-AT
vehicle has a significant effect on the generated force in
the trailer’s wheels, and while it has reduced tire wear,

these forces are still high in axles 4 and 5; whereas, the
AWS vehicle has been able to further reduce lateral
forces of trailer wheels and minimize them.

As shown in Figure 12(c), the front axle’s steering
angle of the AWS vehicle has been reduced to half
compared to the conventional vehicle due to steerabil-
ity of vehicle rear wheels. Also, the summation of
the applied steering angles has slightly decreased.
Moreover, in Figure 12(d), although the maximum
angle in AWS trailer’s wheels has been increased com-
pared to CT-AT, the summation of applied steering
angles has not changed. This shows that the change in
the control effort is negligible.

Figure 12. Simulation results of the roundabout maneuver.
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Figure 14. Simulation results of the 90 degrees maneuver.

Figure 13. 90 degrees maneuver path.
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Sharp 90 degree test

In order to challenge the new capabilities of AWS
vehicle and its controller, sharp 90 degree test has
been designed as an extreme maneuver to check
the controller’s performance in sharp intersections.
In this maneuver, the vehicle goes by constant speed
of 1 kmh�1 from straight path to a circle path by
radius of 2.5m, and after passing 90� turning, it
exits in a straight line as shown in Figure 13.

As shown in Figure 14(a), the conventional trac-
tor has a large offset because of its limitation in
steering angle. Whereas, the AWS vehicle has elimi-
nated the first point’s offset and has substantially
reduced second point offset. Also, in Figure 14(b),
off-tracking of the AWS trailer is negligible to con-
ventional. In CT-AT, however, there is significant
reduction and off-tracking is still not in the accepted
range.

In this maneuver, the lateral force of the trailer’s
wheels is reduced in the AWS vehicle, shown in
Figure 14(e). However, the lateral force of the tractor’s
rear axle wheels (Axle 2 in the figure) increased because
of the applied steering angle.

As shown in Figure 14(c) and (d), in this maneu-
ver, the steering angle of the conventional tractor
(Axle 1 in the figure) will be at its maximum and it
will increase the first point’s offset from the target
path. Due to the wide range of steerability in the
AWS tractor, the steering angle can be increased to
reduce the offset effectively as well. Table 6 summar-
izes off-tracking, lateral forces, and the steering angle
of all the three vehicles in both maneuvers.

Conclusion

In this manuscript, the effect of an automated steer-
ing articulated vehicle with an all-wheel steering

system has been investigated. All wheels of the trac-
tor and trailer are steerable; whereas, the wheels of
the tractor are also equipped with independent trac-
tion control. The controllers of the tractor and trailer
are operating independently in two layers. A fuzzy
controller in the upper layer reduces the off-tracking
by determining the ICR in its unit. It uses a lateral
offset of three predefined points and corresponding
rate as its inputs. Having the ICR of each unit, the
steering angle of it can be determined using kine-
matic relationships. In the lower layer, a PID con-
troller tunes the steering angle of each wheel as well
as the applied torque. The overall purpose of this
system is to regulate the steering angle of all wheels
such that the end point of tractor and trailer follow
the desired path, which is the initial path of truck’s
first point. The simulated maneuvers in TruckSim
software show that by using an independently con-
trolled all wheel steering system in an articulated
vehicle, the off-tracking in both tractor and trailer
even in very sharp curves can be reduced.
Additionally, it has been shown that although the
lateral forces in CT-AT vehicle have decreased
when compared to conventional vehicles, the AWS
system can significantly mitigate them on top of
aforementioned capabilities. Moreover, the hierarch-
ical controller can effectively control the speed and
steering angle of wheels.
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Table 6. Summary of simulations results.

Roundabout Off-trackingmax (m) Steer anglemax (deg) Lateral tire forcemax

Conventional tractor 1.05 22 10 (KN) with conventional

trailer 4 (KN) with CT-AT Trailer

AWS tractor 0.2 13 6.5 (KN)

Conventional trailer 3.9 0 41.5 (KN)

CT-AT trailer 0.95 22 11.5 (KN)

AWS trailer 0.2 25 5 (KN)

Sharp 90 degrees Off-trackingmax (m) Steer anglemax (deg) Lateral tire forcemax

Conventional tractor 2.5 40 12 (KN) with conventional

trailer 4 (KN) with CT-AT Trailer

AWS tractor 0.7 70 16 (KN)

Conventional trailer 4.3 0 47 (KN)

CT-AT trailer 1.35 50 22 (KN)

AWS trailer 0.2 70 4 (KN)
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Appendix 1

Kinematic model derivation

An estimator is an imaginary vehicle, which moves
by the real vehicle while points (A), (B) and (C) are
on the target path. First, to create this estimator,
the target path in the global coordinate system

should be determined, which point AððXPÞA, YPð ÞAÞ

is passing through. This issue is possible, as shown
in Figure 15(a) and equations (35) to (39).
According to equation (35), the lateral and longitudi-
nal coordinates of (A) can be derived based on time
integration from components of the vehicle’s speed in
X and Y directions.

XA ¼

Z t

0

u

cosð�AÞ
cosð T þ �AÞdt and

YA ¼

Z t

0

u

cosð�AÞ
sinð T þ �AÞdt

ð35Þ

where, �A is the speed angle of point (A) with respect
to longitudinal direction of tractor, which is the resul-
tant of equation (36).

�A ¼ tan�1
xAð ÞT� xICRð ÞTy

yICRð ÞT
ð36Þ

where, subscript (T) and (ST) are, respectively,
representative of tractor and semi-trailer coordinate
systems.

Now, by substituting the derived parameters from
equation (35) in equation (37), the coordinates of
target path can be determined.

ðXPÞA ¼ XA þ�YAsinð PÞ, and

YPð ÞA ¼ YA ��YAcosð PÞ
ð37Þ

 P must be calculated from equations (38) and (39).

 P ¼ tan�1
vPð ÞY
vPð ÞX

ð38Þ

vPð ÞX ¼
d ðXPÞt

dt
, and

vPð ÞY ¼
d ðYPÞt

dt

ð39Þ

Figure 15. Parameter definition of (a) tractor and (b) tractor estimator.
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After determining the desired path coordinates in
global coordinate system, a lookup table is created.
This table is based on 1: the distance that the front
end point on the tractor estimator (A) has passed S0

A
acts as an input, and the speed angle of this point in
relation to the global coordinate system l0A, and 2: the
lateral coordinate YPð ÞA and longitudinal coordinate
ðXPÞA of the target path in the global coordinate
system act as outputs. The process is the same for
points (B) and (C). Thus, by entering (S0B and S0

C
Þ in

the table, l0B, l
0
c, YPð ÞB,C and ðXPÞB,C can be deter-

mined. Through the maneuver, the table’s informa-
tion will be entered actively, updated instantly, and
saved in the memory. According to the Figure 15(b),
which is the tractor estimator and by using equations
(39) to (42), S0

A
, ðXPÞA and YPð ÞA can be determined

and then complete the table. In the equations estima-
tor, the parameters have prim script.

v0A
� �

X
¼ vPð ÞX , and

v0A
� �

Y
¼ vPð ÞY

ð40Þ

v0A ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v0A
� �

Y

� �2
þ v0A
� �

X

� �2q
ð41Þ

S0
A
¼

Zt

0

v0Adt ð42Þ

To determine (S0B), based on the Figure 15(b),
equations (43) to (49) are used. By entering S0B in
the lookup table, target coordinates of point B
ððXPÞB, YPð ÞBÞ are extractable.

S0B ¼

Zt

0

v0Bdt�OL ð43Þ

v0B ¼ R0Br
0
T ð44Þ

r0T ¼
v0A
R0A

ð45Þ

The turning radius of points (A) and (B) are deter-
mined from equations (46) and (47).

R0B ¼
OL sinð90� �0A Þ

sinð�A
0

� �0B Þ
ð46Þ

R0A ¼
OL sinð90þ �0B Þ

sinð�A
0

� �0B Þ
ð47Þ

�0AðBÞ ¼ l0AðBÞ �  
0
T ð48Þ

 0T ¼ tan�1
ð YPð ÞA� YPð ÞBÞ

ð XPð ÞA� XPð ÞBÞ
ð49Þ

To determine the current coordinates of (B), equa-
tions (50) to (56) are used. Hence, by comparing cur-
rent and target points coordinate, the offset of point
(B) can be calculated.

The turning radii of A and B are calculated via
equations (50) and (51), and then, the yaw rate of
the vehicle is determined with equations (52) and (53).

RA ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xA � xICRð Þ

2
þ yICRð Þ

2

q
ð50Þ

RB ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xB � xICRð Þ

2
þ yICRð Þ

2

q
ð51Þ

rT ¼
vA
RA

ð52Þ

vA ¼
u

cosð�AÞ
ð53Þ

By substituting these parameters in equation (54),
the speed of point (B) and its angle w.r.t. longitudinal
coordinates of vehicle can be found.

�B ¼ tan�1
xBð ÞT � xICRð ÞT

yICRð ÞT
, and vB ¼ RBrT

ð54Þ

Now, by substituting �B and vB in equations (55)
and (56), the coordinates of pint B in the global coor-
dinate system can be determined.

XB ¼

Z t

0

ðvBcosð�B þ  TÞÞdt�OL ð55Þ

YB ¼

Z t

0

ðvBsinð�B þ  TÞÞdt ð56Þ

According to Figure 16(a) and equations (57) to
(64), XC and YC are calculable and are used to deter-
mine the target end point value of trailer estimator.
By using equations (57) to (59), the speed and speed
angle of fifth wheel w.r.t longitudinal axis of tractor
can be found.

RFW ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xFWð ÞT � xICRð ÞT

� �2
þ yICRð Þ

2
T

q
ð57Þ

vFW ¼ RFWrT ð58Þ

�FW ¼ tan�1
xFWð ÞT� xICRð ÞT

yICRð ÞT
ð59Þ

By calculating the angle between the tractor and
the trailer (;Art) through equation (60) and substitut-
ing the parameter from equation (61) to equations
(62) and (63), the component of speed of point (C),
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amount and its angle w.r.t to trailer’s longitudinal axis
are quantifiable.

;Art ¼  ST �  T ð60Þ

ðvCÞx
� �

ST
¼ vFWcosð�FW � ;ArtÞ, and

ðvCÞy

� 	
ST
¼ vFW sin �FW � ;Artð Þ � LCrST

ð61Þ

vC ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðvCÞx
� �2

ST
þ ðvCÞy

� 	2
ST

r
ð62Þ

�C ¼ tan�1
ðvCÞy

� 	
ST

ðvCÞx
� �

ST

ð63Þ

Now, the components of coordinates of point (C),
in global coordinate system can be determined, using
equation (64).

XC ¼

Z t

0

vCcos  ST þ �Cð Þ dt, and

YC ¼

Z t

0

vCcos  ST þ �Cð Þ dt

ð64Þ

In a similar manner to that of the tractor
estimator, the trailer estimator consists of kinematic
equations, which are determined by having the rear
end point of trailer on target path and pivot point of
tractor estimator. In equations (65) to (76) and

Figure 16(b), by entering S0
C

in the mentioned look up

table,l0C, YPð ÞC and ðXPÞC canbecalculated in theglobal

coordinate system, and by having this coordinate and
current coordinate, the lateral offset is measurable. The
lateral and longitudinal global coordinates of the fifth
wheel are calculated using equations (65) to (67).

XPð ÞFW ¼
OL� LH

OL
XPð ÞA� XPð ÞB

� �
þ XPð ÞB, and

YPð ÞFW ¼
OL� LH

OL
YPð ÞA� YPð ÞB

� �
þ YPð ÞB

ð65Þ

�0C ¼ l0C �  
0
ST ð66Þ

LH ¼ HDBþ FOH ð67Þ

By substituting the coordinates of fifth wheel in
equation (68), the trailer’s turning radius and yaw
rate can be derived from equations (69) to (74).

 0ST ¼ tan�1
ð YPð ÞFW� YPð ÞCÞ

ð XPð ÞFW� XPð ÞCÞ
ð68Þ

r0ST ¼
v0FW
ðR0FWÞST

ð69Þ

v0FW ¼ r0TR
0
FW ð70Þ

R0FW ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R0A
� �2

þ LHð Þ
2
�2R0ALHfcos

q
90� �0A
� �

ð71Þ

Figure 16. Parameter definition of (a) trailer and (b) trailer estimator.
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ðR0FWÞST ¼
LC:sinð90� ð�

0
FW � ;

0
ArtÞÞ

sinðð�0FW � ;
0
ArtÞ � �

0
C Þ

ð72Þ

�0FW ¼ fcos
�1 R0A cosð�0A Þ

R0FW

� �
ð73Þ

;0Art ¼  
0
ST �  

0
T ð74Þ

Now, by determining the speed of point (C) using
equation (75), and integrating it in equation (76), the
distanced traveled by point C can be defined.

v0C ¼ R0Cr
0
ST ð75Þ

S0
C
¼

Z t

0

v0Cdt� ðLH þ LCÞ ð76Þ

Notations

To avoid a large list, the parametric values are
denoted by �� sign.

��
_

derivative of variable
��
0

estimated value of variable
��A=B=C=ICR variable related to point

A/B/C/ICR
��FW variable related to fifth wheel
��P variable related to path
��ST variable related to semi-trailer
��T variable related to tractor
� �� variation of variable
B viscous friction constant
E potential difference
FX longitudinal tire force
FY lateral tire force
FOH front overhang of tractor
HDB distance between fifth wheel and

front axle of tractor (Hitch Dist.
Back)

I electric current
Jeq equivalent Inertia

JM inertia of motor
JW inertia of wheel
k longitudinal slip
KB back-EMF constant
KT torque constant
L inductance of motor
LC distance between fifth wheel and

end of semi-trailer
LT wheelbase of tractor
MZ aligning moment
R internal resistance of motor
R�� turning radius of a point on vehicle
RRE effective rolling radius
r yaw rate
S distance that a point has passed
TL opposing torque
Tt torque on wheel
TM applied torque from motor
Tt torque on wheel
u longitudinal velocity
v velocity
VyICR virtual lateral coordinate of ICR
X��, Y�� coordinate in global coordinate

system
x��, y�� coordinate in vehicle coordinate

system
xICR, yICR coordinate of ICR in vehicle coor-

dinate system

� slip angle
�g Gear ratio
�rST yaw rate variation of semi-trailer
�xICR, �yICR coordinate variation of icr
� steer angle
�max maximum possible steer angle
l speed angle in global coordinate
� friction coefficient in measurement
�0 friction coefficient in simulation
;Art articulation angle
 yaw angle
!0 zero-slip angular speed of wheel
!M angular speed of motor
!ref the desired angular speed of wheel
!W angular speed of wheel
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